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Abstract
In this article, we investigate the interrelation between the discrepancies of a given hypergraph
in dierent numbers of colors. Being an extreme example we determine the multi-color discrep-
ancies of the k-balanced hypergraph Hnk on partition classes of (equal) size n. Let c; k; n∈N.
Set k0 := k mod c and bnkc := (n− n=c=k)k=c. For the discrepancy in c colors we show
bnk0c6 disc(Hnk ; c)¡bnk0c + 1;
if k0 =0, and disc(Hnk ; c)= 0, if c divides k. This shows that, in general, there is little corre-
lation between the discrepancies of Hnk in dierent numbers of colors. If c divides k though,
disc(H; c)6 (k=c) disc(H; k) holds for any hypergraph H. c© 2002 Elsevier Science B.V. All
rights reserved.
MSC: primary 11K38; secondary 05C15
Keywords: Discrepancy; Hypergraph coloring
1. Introduction and results
The basic problem of combinatorial discrepancy theory is to partition the vertices of
a hypergraph in such a way that all hyperedges are split into roughly equal parts by
this partition. Discrepancy measures the deviation of an optimal solution to this ideal.
Usually, the maximum occurring imbalance is used as a measure.
Up to very recently, only partitions into two classes have been studied. For a beau-
tiful survey on this see [1]. The very recent development can be found in [4]. As
the partitions are normally represented by colorings, we call this part of the theory
“two-color discrepancy theory”. In 1999, Srivastav, and the author introduced the notion
1 Supported by the graduate school ‘EEziente Algorithmen und Multiskalenmethoden’, Deutsche
Forschungsgemeinschaft.
E-mail address: bed@numerik.uni-kiel.de (B. Doerr).
0012-365X/02/$ - see front matter c© 2002 Elsevier Science B.V. All rights reserved.
PII: S0012 -365X(01)00271 -0
64 B. Doerr /Discrete Mathematics 250 (2002) 63–70
of multi-color discrepancies in [2]. They deLned the c-color discrepancy of a hyper-
graph H by
disc(H; c) := min
 : X→[c]
max
i∈[c]; E∈E
∣∣∣∣|−1(i) ∩ E| − |E|c
∣∣∣∣
and show that many classical results hold also in c colors. Some results are even inde-
pendent of the number of colors (e.g. the Beck–Fiala theorem bounding the discrepancy
by twice the maximum degree).
In this article, we will investigate the opposite phenomenon. We will show that there
are hypergraphs that have very dierent discrepancies in dierent numbers of colors.
We determine the discrepancy of the hypergraph Hnk on nk vertices which can be
partitioned into k equal-sized classes such that a set E of vertices is an edge if and only
if it contains the same number of vertices in each class. Obviously, disc(Hnk ; k)= 0.
Let c; k; n∈N . Set k0 := k mod c. If k0 =0, we show
disc(Hnk ; c)=
(
n−
⌊
n
c=k0
⌋)
k0
c
+  (∗)
for some ∈ [0; 1[. Comparing this to the maximum possible c-color discrepancy
nk=c(1 − 1=c) of a hypergraph on nk vertices, we see that there is little correlation
between disc(Hnk ; c) and disc(Hnk ; k). We will also see that the optimal colorings
satisfying (∗) are not at all unique but can look quite dierent. There is though some
correlation if c divides k. In this situation disc(H; c)6 (k=c)disc(H; k) holds for any
hypergraph H.
2. Denition of multi-color discrepancies
For a nonnegative integer n we set [n] := {i∈N | i6 n}. Let H=(V;E) be a hyper-
graph, i.e. V is a Lnite set and E ⊆ 2V . A c-coloring of H is a mapping  :X → [c].
The basic idea (measuring the deviation from the ideal) motivates the deLnitions of
the discrepancy of an edge E ∈E in color i∈ [c] with respect to  by
disc; i(E) :=
∣∣∣∣|−1(i) ∩ E| − |E|c
∣∣∣∣ ;
the discrepancy of H with respect to  by
disc(H; ) := max
i∈[c]; E∈E
disc; i(E)
and the discrepancy of H in c colors by
disc(H; c) := min
 : X→[c]
disc(H; ):
This is all we need for our purpose. For a deeper insight in multi-color discrepancies see
[2]. To get some intuition and comparison let us determine the multi-color discrepancies
of the complete hypergraph, which is of course the worst case.
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Lemma 2.1. Let n∈N . The complete hypergraph H=([n]; 2[n]) on n vertices has
c-color discrepancy
disc(H)=
(
1− 1
c
)⌈n
c
⌉
:
Proof. Let  : [n] → [c] be any coloring. Then there is a color j∈ [c] such that
E:=−1(j) has at least n=c points. As E is an edge of H, we have disc(H)¿
‖E ∩ −1(j)| − (1=c)|E‖=(1− 1=c)|E|¿ (1− 1=c)n=c. For the upper bound consider
a coloring such that all color classes deviate in size by at most 1, i.e., for all j∈ [c]
we have n=c6 −1(j)6 n=c. From the deLnition of multi-color discrepancy it is
clear that we just have to consider the two extreme cases of an edge E+ having exactly
n=c points in one color j+ and an edge E− having n−n=c points and avoiding one
color class −1(j−). We compute disc; j+(E+)= (1 − 1=c)n=c and disc; j−(E−)=
(1=c)(n − n=c). Hence disc(H)6max{disc; j+(E+); disc; j−(E−)}=(1 − 1=c)n=c.
This shows the claim.
3. Proofs
If c2 divides c1, then the discrepancy in c2 colors can be bounded in terms of the
one in c1 colors.
Lemma 3.1. Let H be any hypergraph. If c2 divides c1; then disc(H; c2)6
(c1=c2)disc(H; c1).
Proof. Let  :X → [c1] be an optimal c1-coloring of H. Set q= c1=c2. DeLne
2 :X → [c2] by 2(x)= ((x) − 1)=q + 1. For an edge E ∈E and a color j∈ [c2]
we compute
disc2 ;j(E) = ‖E ∩ −12 (j)| −
1
c2
|E‖
=
∣∣∣∣∣
∣∣∣∣∣E ∩
q⋃
k=1
−1((j − 1)q+ k)
∣∣∣∣∣−
q
c1
|E|
∣∣∣∣∣
=
∣∣∣∣∣
q∑
k=1
(|E ∩ −1((j − 1)q+ k)| − 1
c1
|E|)
∣∣∣∣∣
6
q∑
k=1
‖E ∩ −1((j − 1)q+ k)| − 1
c1
|E‖
=
q∑
k=1
disc; ( j−1)q+k(E):
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This marks the extreme case where the correlation between dierent numbers of
colors is high. For arbitrary numbers of colors a quite dierent phenomenon can be
observed. We investigate the opposite behavior through the following class of hy-
pergraphs. Fix n; k ∈N. For l∈ [k] set Ll:=[n] × {l} and call these sets lines. Set
Enk :={E ⊆ [n] × [k] | ∀l1; l2 ∈ [k]: |E ∩ Ll1 |= |E ∩ Ll2 |}. Hnk :=([n] × [k];Enk) is the
(modulo isomorphism) unique hypergraph on nk vertices of k-color discrepancy zero
with maximal number of edges. We determine the discrepancy of this hypergraph in
any number of colors. This will show that there is no correlation apart from the case
exhibited in Lemma 3.1.
Theorem 3.2. Let k0 := k mod c. Set bnkc =(n− n=c=k)k=c. Then
bnk0c6 disc(Hnk ; c)¡bnk0c + 1;
if k0 =0; and disc(Hnk ; c)= 0; if c divides k.
It will be convenient to consider the case c¿kn (“more colors than points”) sep-
arately. In this case, any coloring  avoids some colors, and for such a color j we
have disc; j([n] × [k])= nk=c. For an occurring color j there is an edge E of size k
containing at least one point colored j. Hence disc; j(E)¿ 1− k=c. On the other hand,
a coloring such that every color occurs at most once shows that we actually have
disc(Hnk ; c)=max{nk=c; 1 − k=c}. As bnkc6max{nk=c; 1 − k=c}¡ 1, the case c¿kn
is settled.
The case that c divides k is solved by Lemma 3.1, so let us assume that k0 =0. To
prove the theorem we start with an easy observation.
Lemma 3.3. In the notation of Theorem 3:2 we have
disc(Hnk ; c)6 disc(Hnk0 ; c):
Proof. Let 0 be an optimal c-coloring forHnk0 . Set X0 = [n]×{ck=c+1; : : : ; ck=c+
k0 = k} and  :X0 → [n]× [k0]; (i; l) → (i; l− ck=c). Then  is a hypergraph isomor-
phism from Hnk |X0 to Hnk0 . DeLne a coloring  : [n]× [k] → [c] by
((i; l)):=


0((i; l)) if (i; l)∈X0;⌊
l− 1
k=c
⌋
+ 1 else:
Then for any edge E ∈E and any color j∈ [c] we have
disc; j(E) = ‖E ∩ −1(j)| − 1c |E‖
= ‖E ∩ X0 ∩ −1(j)| − 1c |E ∩ X0|+ |(E \ X0) ∩ 
−1(j)| − 1
c
|E \ X0‖
= ‖(E ∩ X0) ∩ −10 (j)| −
1
c
|(E ∩ X0)|
B. Doerr /Discrete Mathematics 250 (2002) 63–70 67
+ |E ∩ ([n]×{(j − 1)
⌊
k
c
⌋
+1; : : : ; j
⌊
k
c
⌋
})|−1
c
|E ∩ ([n]×[c
⌊
k
c
⌋
])‖
= ‖(E ∩ X0) ∩ −10 (j)| −
1
c
|(E ∩ X0)|+ 0|
= disc0 ;j((E ∩ X0)):
Since (E∩X0) is an edge ofHnk0 and 0 an optimal c-coloring forHnk0 , we conclude
disc(Hnk ; c)6 disc(Hnk0 ; c).
It would save us some problems if we could show that an optimal coloring for Hnk
in the case c¡k has to be of the kind constructed in Lemma 3.3. Unfortunately, this
is not true.
Set k =5 and c=3. Let n be a non-negative integer divisible by 6. Let  be such
that the color classes intersect the lines as described in table below (this deLnes  up
to permutations inside the lines which have no inOuence on the discrepancy).
Line l (1=n)|Ll ∩ −1(1)| (1=n)|Ll ∩ −1(2)| (1=n)|Ll ∩ −1(3)|
1 1 0 0
2 0 1 0
3 1=6 0 5=6
4 0 1=6 5=6
5 1=2 1=2 0
We determine the discrepancy of this coloring. An edge E such that disc;1(E) is
maximal has to have 52n points and either contains all or none of the 1-colored points
of line 3 and 5. Both cases yield a discrepancy of 13n in color 1. The situation for color
2 is the same. For color 3 the extreme edges look like this: E has either no points in
color 3 and size 56n and thus disc;3(E)=
5
18n, or E contains all points in this color,
has size 256 n and thus disc;3(E)=
5
18n. From Theorem 3.2 we see that  is an optimal
coloring, but  is not of the kind of coloring used to prove Lemma 3.3. This shows
that the optimal coloring is not unique modulo permutations of lines and permutations
inside lines.
Proof of Theorem 3.2. We investigate the case c¿k Lrst, which implies k = k0.
Case c¿k, upper bound: For the upper bound we construct a coloring . Start with
all points being uncolored. For each color j, color n=c=k points in this color. Do
so in a way that points of the same color are in the same line. This is possible as each
line can hold up to c=k such color classes. The remaining points color in any way
such that all color classes dier in size by at most one.
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We calculate the discrepancy of H with respect to . Let j∈ [c]. Let E be an edge
such that dj(E):=|E ∩ −1(j)| − (1=c)|E| is maximal. Assume that there is a point in
color j that is not contained in E. Let F be a set of points disjoint from E containing
one point of every line, at least one of these colored j. Then
dj(E ∪ F)=dj(E) + dj(F)¿dj(E) + 1− kc ¿dj(E);
a contradiction. Hence −1(j) ⊆ E and |E|¿ kn=c=k by construction. This yields
disc; j(E)= |E ∩ −1(j)| − 1c |E|6
⌈
nk
c
⌉
− k
c
⌊
n
c=k
⌋
: (1)
Now let E be an edge such that dj(E):=|E ∩ −1(j)| − (1=c)|E| is minimal. By a
similar argument as above we see that E contains no point colored j. As c6 kn, we
have |E|6 (nk − kn=c=k) and hence
disc; j(E)= ‖E ∩ −1(j)| − 1c |E‖=
1
c
|E|6 1
c
(
nk − k
⌊
n
c=k
⌋)
: (2)
From (1) and (2) we conclude
disc(Hnk ; c)6 disc(Hnk)6
⌈
nk
c
⌉
− k
c
⌊
n
c=k
⌋
¡bnkc + 1:
Case c¿k, lower bound: For the lower bound let  be any coloring. Let
m : [c] → [k] such that |Lh ∩ −1(j)|6 |Lm( j) ∩ −1(j)| for all h∈ [k] and j∈ [c].
From the pigeon-hole principle we get a line number l∈ [k] such that |m−1(l)|¿
c=k. Let j∈m−1(l) such that |Ll ∩ −1(j)| is minimal. Then for all h∈ [k] we
have |Lh ∩ −1(j)|6 |Ll ∩ −1(j)|6 n=c=k. Thus, there is an edge of size
(n − n=c=k)k having no point in this color. We conclude disc(Hnk)¿
(n− n=c=k)k=c= bnkc.
Case c¡k: We now turn to the case that c¡k and c does not divide k. Lemma
3.3 proves the upper bound. For the lower bound let  be any c-coloring of Hnk .
Let i : [c] × [k] → [k] be such that |Li( j;p) ∩ −1(j)|¿ |Li( j;p+1) ∩ −1(j)| for all
j∈ [c]; p∈ [k − 1]. Hence i(j; p) denotes the index of a line with pth largest number
of points in color j.
Assume Lrst that there exists a j∈ [c] such that ∑k=cp=1 |Li( j;p) ∩ −1(j)|6 k=cn+
n=c=k0. If |Li( j;k=c) ∩ −1(j)|¡ n=c=k0, then there is an edge E such that
|E|= k(n−n=c=k0) and |E∩−1(j)|6 k=c(n−n=c=k0), hence disc; j(E)¿ bnk0c.
If |Li( j;k=c) ∩ −1(j)|¿ n=c=k0, then there is an edge E such that |E ∩ Ll|= n −
|Li( j;k=c)∩−1(j)| for all l∈ [k] and |E∩−1(j)|6 k=cn+n=c=k0−k=c|Li( j;k=c)∩
−1(j)|. In this case also
disc; j(E)¿
k
c
(n− |Li( j;k=c) ∩ −1(j)|)−
⌊
k
c
⌋
n
−
⌊
n
c=k0
⌋
+
⌈
k
c
⌉
|Li( j;k=c) ∩ −1(j)|
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=
k0
c
n+
(
1− k0
c
)
|Li( j;k=c) ∩ −1(j)| −
⌊
n
c=k0
⌋
¿
(
n−
⌊
n
c=k0
⌋)
k0
c
= bnk0c
holds. So let us assume from now on
k=c∑
p=1
|Li( j;p) ∩ −1(j)|¿
⌊
k
c
⌋
n+
⌊
n
c=k0
⌋
for all j∈ [c]: (3)
Assume that there exists a color j∈ [c] such that |Li( j;k=c)∩−1(j)|6 n−n=c=k0−1.
From (3) we conclude |Li( j;k=c) ∩ −1(j)|¿ 2n=c=k0+2= : m and k06 13c. Thus,
there is an edge E such that |E ∩ Ll|=m for all l∈ [k] and |E ∩ −1(j)|¿ k=cm.
Our assumptions yield 1c=k0¿ 3k0=4c. If c=k0 does not divide n, we have
disc; j(E)¿
⌈
k
c
⌉
m− km
c
= 2
⌈
n
c=k0
⌉(
1− k0
c
)
=
(
2− k0
c
)⌈
n
c=k0
⌉
− k0
c
−
⌊
n
c=k0
⌋
k0
c
¿
(
2− k0
c
)
n
c=k0 +
(
2− k0
c
)
1
c=k0 −
k0
c
−
⌊
n
c=k0
⌋
k0
c
¿ (2− 1
3
)
3
4
nk0
c
+
k0
2c
− 3k
2
0
4c2
−
⌊
n
c=k0
⌋
k0
c
¿
(
n−
⌊
n
c=k0
⌋)
k0
c
= bnk0c:
The calculation for the case that c=k0 is a divisor of n is about the same, a little
easier actually, as we do not have to care about the fractional parts.
It remains to look at the case that for all j∈ [c] we have |Li( j;k=c) ∩ −1(j)|¿
n − n=c=k0 − 1. In this case i|[c]×[k=c] is injective and i([c] × [k=c]) ∩ i([c] ×
{c=k})= ∅. Thus i maps [c] × {c=k} into a set of size k0. From the pigeon-hole
principle we conclude that there is a line Ll such that i(j; c=k)= l for c=k0 dierent
colors j. Again from the pigeon-hole principle we see that for at least one of these
colors we have |Li( j;k=c) ∩ −1(j)|6 n=c=k0 contradicting (3). This ends the proof
of Theorem 3.2.
Remark. The coloring  constructed in the proof above can be improved in some
cases. According to the values of n; k and c it may be possible to color what we called
‘the remaining points’ in such a way that for all color classes with nk=c points there
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is a line with n=c=k points in this color. This can improve the discrepancy of 
up to another k=c. We are not that much interested in this very last bit to give all the
details.
4. Conclusion
Above we gave a class of hypergraphs which have very dierent discrepancies in
dierent numbers of colors. If c|k, disc(Hnk ; c)= 0, if c does not divide k, then
disc(Hnk ; c)¿ (n− n=c=k0)k0=c. In particular for k ¡cnk, disc(Hnk ; c) is more
than half the maximum discrepancy a hypergraph on nk vertices can have. This means
that the correlation between the discrepancies in dierent numbers of colors is small.
Contrary to this, there are examples of hypergraphs that display a rather regu-
lar behavior. For hypergraphs having n vertices and n edges, an upper bound of
O(
√
(n=c)log c) was proven in [3]. On the other hand, an example due to Spencer
constructed from Hadamard matrices was shown to have c-color discrepancy Q(
√
n=c)
in [2]. The hypergraph Hn of arithmetic progressions in [n] fulLlls C1c−0:5 4
√
n6
disc(Hn; c)6C2c−0:16 4
√
n for constants C1; C2¿ 0 independent of c and n (cf. [2,3]).
It seems to be an interesting phenomenon that some hypergraphs have a nice be-
havior like this and others do not. Apart from the general methods given in the papers
cited, we do not know very much about this. Actually, also for the two examples above
a full understanding is missing, as the gaps between the lower and upper bound show.
We believe that these are questions worth for some further research. A good under-
standing of these problems might also give some more insight in traditional two-color
discrepancies.
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